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Rotational Compressible Inverse Design Method for
Two-Dimensional, Internal Flow Configurations

V. Dedoussis,* P. Chaviaropoulos,t and K. D. Papailiou$
National Technical University of Athens, 15710 Athens, Greece

The development of a rotational inviscid compressible inverse design method for two-dimensional internal
flow configurations is described. Rotationality is due to incoming entropy gradient whereas total enthalpy is
considered to be constant throughout the flowfield. The method is based on the potential function/stream
function formulation. The Clebsch formulation is adopted to decompose the velocity vector into a potential and
a rotational part. The physical space on which the boundaries of the flowfield are sought is mapped onto the
(0, V7) space via a body-fitted coordinate transformation. A novel procedure based on differential geometry
arguments is employed to derive the governing equation for the velocity. The velocity equation solved in
conjunction with a transport equation for a thermal drift function provide the flowfield without any geometry
feedback. An auxiliary orthogonal computational grid adapted to the solution is employed. Geometry is
determined by integrating Frenet equations of the grid lines. Inverse calculation results are compared with results
of direct "reproduction" calculations.
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Nomenclature
= velocity coefficients, Eq. (20)

= specific heats
= metrics tensor of computational (£, 77)
coordinate system

= contravariant base vector of natural (</>, \l/)
coordinate system

= conjugate metrics tensor of natural (</>, \l/)
coordinate system

= metrics tensor of natural (</>, ^) coordinate
system

= enthalpy
= unit base vectors of the (x, y, z ) Cartesian
coordinate system

= position vector
= Mach number
= Christoffel symbol of first kind
= static pressure
= universal gas constant
= curvature of (n, m) surface
= entropy
= temperature
= velocity vector
= physical space Cartesian coordinate system
= thermal drift function
= angle between V</>, V^
= Christoffel symbol of second kind
= specific heats ratio
= Kronecker delta
= angle between 17 = const lines and x axis
= angle between streamlines and x axis
= signed curvature of 77 = const lines
= orthogonal computational coordinate system
= density
= drift function
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Subscripts
m, n, I, q
o
ref
t

= potential function, stream function natural
coordinate system

= vorticity vector

=covariant tensor indices; 1, 2
= known position indicator
= reference quantity
= total quantity
- partial derivatives with respect to £, TJ, <£, or i

respectively
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Superscripts
m, n, I, q — contravariant tensor indices; 1, 2

Introduction

T HE operation of propulsion systems and process industry
equipment relies heavily on the nature of the flow in

internal configurations such as air intakes, nozzles, ducts, etc.
In designing such configurations, aerodynamicists aim to min-
imize or prevent losses associated with wall boundary-layer
separation and/or the occurrence of a shock. It is known that
the boundary-layer behavior, as well as the occurrence of a
shock, is controlled by the characteristics of the pressure dis-
tribution along the walls of the channel. The need, therefore,
of having accurate and efficient inverse design methods that
provide the designer with the channel's geometry that corre-
sponds to a prescribed wall pressure or velocity distribution is
evident. A concise general review on aerodynamic shape de-
sign methods has been recently published by Dulikravich.1

In most of the cases inverse methods assume that the flow is
both inviscid and irrotational. The purpose of this paper is to
present an inverse two-dimensional compressible inviscid
method without resorting to the rather restrictive assumption
that the flow is irrotational. The present method assumes that
the flow is isentropic along streamlines with total enthalpy
being constant throughout the flowfield. Under those assump-
tions the rotational character of the flow, i.e., vorticity, is
entirely due to the variation of entropy level between different
streamlines. Thus the problem tackled by the method can be
stated as follows:

Given a prescribed — target — velocity distribution along the
solid boundaries and along the inlet and outlet of a channel, as
well as prescribed entropy variation along the inlet, determine
its geometry.
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The method is based on the potential function/stream func-
tion formulation and in that respect is similar to the methods
developed for irrotational flows by Stanitz.2 The Clebsch for-
mulation, also used by other authors,3"5 is employed to de-
compose the velocity vector into a "potential" and a rota-
tional part, the latter expressed as the product of a thermal
drift function with the entropy gradient. Exploiting the fact
that solid boundaries are streamlines, a body-fitted coordinate
transformation is carried out that maps the physical (x, y)
space (on which the geometry of the boundaries is sought)
onto the potential function/stream function (<£, \j/) space. The
potential function and the stream function are the indepen-
dent nonorthogonal curvilinear coordinates.

An interesting novelty of the method is that the main sec-
ond-order nonlinear elliptic partial differential equation
(PDE) for the velocity magnitude is derived using differential
geometry arguments rather than manipulating the basic flow
equations themselves. Actually, one considers the metrics of
the (0, i/O coordinates, which are expressed in terms of flow
quantities, to be the metrics of the two-dimensional Euclidean
space. In addition, one requires the curvature of the two-di-
mensional Euclidean space, being a flat one, to be zero. This
equation, in conjunction with a transport equation for the
thermal drift function of the Clebsch decomposition, provides
the solution of the flowfield. The numerical integration of
these equations is carried out on a (£, 17) computational do-
main, with T] = const lines (parallel to) the streamlines and
£ = const lines normal to them. This grid has to be introduced
so that the resulting configuration has inlet and outlet sections
normal to the streamlines.

The calculation procedure involves two main steps. In the
first step the discretized governing equations are solved for the
flow quantities using a fast iterative incomplete factorization
scheme. Having calculated the flowfield, the geometry of the
channel is determined, in a subsequent step, by straightfor-
ward integration of Frenet equations along potential lines
and/or streamlines, or better along £ = const and/or rj = const
lines.

Zannetti6 proposed an inverse method for compressible in-
viscid rotational internal flows that solves the time-dependent
Euler equations, the steady state providing the desired solu-
tion. The curvilinear grid employed to formulate the method is
similar to the computational one used in the present method.
It is formed by the streamlines of the steady solution and the
lines orthogonal to them. Other time-dependent inverse tech-
niques, which assume bodies with deformable walls,7'8 as well
as optimization design methods,9 perform the calculation with
time-consuming successive runs of direct Euler-type solvers in
association with geometry feedbacks.

The method proposed in this paper, on the other hand, is
fast and does not exhibit an iterative nature since the flowfield
and geometry solutions are entirely independent. The reliabil-
ity of the present method is quite clearly indicated by the
satisfactory comparisons between direct "reproduction" and
inverse calculations results presented in the paper.

Basic Assumptions and Equations
In the present inverse method it has been assumed that the

flow is two dimensional, steady, compressible, inviscid, and
adiabatic. The total enthalpy is assumed to be constant
throughout the flowfield. On the other hand the flow is not
considered to be homentropic. It is also assumed that the fluid
is a perfect gas. It should be noted that the method has not
been facilitated with any shock-capturing mechanism, and
therefore it is limited to subsonic flow only.

In accordance with the aforementioned assumptions, the
basic flow equations are

Continuity equation:

Energy equation:

F - V s = 0

Gibbs equation:

Tds = dh-dp/p

State equation for perfect gas:

p/p= R T

(3)

(4)

(5)

Momentum equation:
(1)

(2)

Equation (3) simply states that entropy is preserved along
streamlines, i.e., that changes along streamlines are isentropic.
It has been assumed, however, that the flow is not homen-
tropic; therefore the entropy level of different streamlines may
be different.

Equation (2) indicates that the rotational character of the
flow is due to the entropy variation in the flowfield. Equiva-
lently, this equation can be written as

(6)

Method Formulation
The formulation of the inverse method in terms of the

potential function and the stream function is presented in this
section. Details of the (</>, ^) nonorthogonal curvilinear coor-
dinate system are also included.

Clebsch Formulation
According to the Clebsch formulation, the velocity vector V

is written as the sum of a "potential" and a rotational part in
the following form10:

(7)

where </> is the "potential" function and a is a scalar coeffi-
cient representing a thermal drift function (its name will be
justified later).

The term "potential" is included in quotation marks, since
it indicates the irrotatjonal character of the V<£ term rather
than the existence of a potential function as such. From here
onward quotation marks are dropped. The a Vs term accounts
for the rotationality of the flow. Indeed, introducing Eq. (7)
to the defining relation of ft, it is seen that

(8)

Transport Equation for Thermal Drift
Equation (8) is introduced into Eq. (2) to eliminate Q.

Carrying out the vector manipulations and noting that entropy
is constant along streamlines, one gets the following transport
equation for a:

V-Va=T (9)

Equation (9) indicates that the scalar quantity a is increas-
ing monotonically along the streamlines in a way proportional
to local temperature. This justifies the name "thermal drift"
for the variable a. Alternatively, a drift function r, defined as
(cpoi + V2<t>)/CpTtJ may be introduced, which is governed by the
V- Vr= 1 transport equation.

It should be noted that the present formulation is also
capable of handling rotational flows with nonzero total en-
thalpy gradient, since in two-dimensional flows the total en-
thalpy and entropy gradients, being parallel, are related to one
another via a scalar coefficient. It can be shown that this
coefficient is constant along the streamlines. Its level on dif-
ferent streamlines is set from the specified entropy and total
enthalpy distributions at the inlet section.
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Stream Function
The stream function \l/ is implicitly defined by the following

relation:
pV=Vtxk (10)

where k is the unit vector normal to the plane of the flow. The
stream function is defined in such a way so that the continuity
equation (1) is satisfied identically.

Natural (0, )̂ Curvilinear Coordinate System
The potential function and the stream function are consid-

ered to be the independent variables. Equations (7) and (10)
provide the contravariant base of the (</>, \j/) coordinate system.
Associating coordinate indices 1 and 2 with the </> and \l/
coordinates, respectively, the contravariant base is

g

(11)

(12)

The dot product V</>- V^ is definitely nonzero since both
Vs and Vi/' are normal to V [refer to Eqs. (3) and (10)
respectively]. This indicates that </> = const and \l/ = const lines,
i.e., potential lines and streamlines, are nonorthogonal. The
difference from irrotational flows, where the (0, i/O coordinate
system is orthogonal, is evident. The natural nonorthogonal
(</>, \l/) curvilinear coordinate system used in the present
method is shown schematically in Fig. 1.

Both the metrics and the conjugate (contravariant) metrics
of the (</>, i/O system, which actually define the body-fitted
(A:, y) to (</>, \l/) transformation, are evaluated using Eqs. (11),
(12), and the following standard tensor relations11:

pmlg _*w
6 6ln ~ °n

(13)

(14)

with m, n, I = 1; ; 2; gtn is the metrics tensor, and gmt is the
conjugate metrics tensor.

In terms of flow quantities, the metrics and the conjugate
metrics of the (<£, \l/) coordinate system are

g22 =

1

1

gn=-sin2/3

(pF)2sin2/3

-1

(15)

61Z 6/1 pF2tan/3 * * tan/3

where /3 is the angle between V</> and V^; see Fig. 1.

>

y

Fig. 1 Physical (A:, y)9
coordinate systems.

natural (0, \f/)> and computational (£,

Governing Equations
The objective of this section is to present and discuss the

derivation of the equations that are actually solved by the
present method for determining the flowfield.

Velocity Equation
The natural (0, i/O coordinate system has been set up on the

physical two-dimensional (x, y) Euclidean space. The require-
ment that a space is Euclidean is that the curvature tensor of
the space is zero, i.e., that the space is flat. In two-dimensional
spaces the curvature tensor has one independent component,11

#1212? so the zero curvature condition reads

#1212 = 0

where using generalized tensor notation11

(16)

2 = [22, 1]- [21, l] + r21 [12, /]-T22 [11, /] (17)

and

dgni dgmn (18)

(19)

with m, n, I, <? = !, 2. Equations (18) and (19) define the
Christoffel symbols of the first and second kind, respectively.

Considering that the coordinate system describing the two-
dimensional Euclidean space is the (</>, i/O one and noting that
its metrics are expressed as functions of flow quantities via
Eqs. (15), condition (16) provides a PDE for the velocity
magnitude Fin terms of the density p and the local coordinate
angle /3. Associating coordinate indices 1 and 2 with the </> and
\l/ coordinates, respectively, one gets, after substitutions, the
following equation:

=f (20)

where

sin2/3

2p
tan 8

c(p, &} =

d(p, 0)= sin2/3 tan /3 (21)

e(p, /3) =

sm2/3 1

sm

tan

+
2p

sin2|8 tan ,

2 cos2|8+l n

sm2/3 tan sin

and subscripts </> and \l/ indicate corresponding partial deriva-
tives.

The nonlinear elliptic second-order PDE, Eq. (20), is the
main governing equation of the flowfield and represents the
velocity equation sought. For irrotational flows, where /3 = 90
deg (potential lines are normal to streamlines), Eq. (20) is the
same with that given by Stanitz.12 It is emphasized that, in the
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present method, the velocity PDE, Eq. (20), is derived in a
novel way by considering differential geometry arguments
only and not by manipulating the basic flow equations them-
selves (for comparison reasons the latter is described in detail
in the Appendix). All of the necessary physical information is
introduced to Eq. (20) in a natural, automatic way through the
metrics relations of Eqs. (15). These define the transformation
of the general and physically meaningless Cartesian (x, y)
coordinate system to the physically meaningful (</>, \l/) system.
Conclusively, Eq. (20) is derived by merely requiring the (0, i/O
coordinate system to be meaningful with regard to both phys-
ics and geometry.

The coefficients of Eq. (20) are functions of p and ft. To close
the problem, one has to provide two equations for p and 13.

Density Equation
The density is related to the velocity and entropy fields via

the following standard equation:

p
Pref Q (s - Sref)/c (22)

where 7 is the ratio of specific heats cp/cv.
In the present method the relative entropy level, (s -sref), is

set a priori. The Mach number at the reference point, Mref,
indicating the degree of compressibility of the fluid or implic-
itly setting the level of total enthalpy in the flow, is also set a
priori.

Coordinate Angle Equation
Definition (7) indicates that the thermal drift a. is related in

some way to the angle ft formed between V</> and Vi/s appear-
ing in the velocity equation (20). The relation between a and /3
can be inferred by considering the mixed conjugate metrics
element g12. From its definition g12 can be written as [see Eq.
(11) and Fig. 1]

cos

which, after manipulations, gives

tan /5= -

(23)

(24)

The thermal drift equation (9) and Eqs. (22) and (24) (sup-
plemented by a temperature equation), in conjunction with the
velocity equation (20), form a closed set of equations. This set
of equations is used by the present method for the calculation
of the flowfield.

As Eq. (22) indicates, it is more convenient to carry out the
calculation in terms of dimensionless quantities. Reference
quantities representing the corresponding ones at an arbitrar-
ily chosen point in the field, referred to as the reference point
(the point where F/Fref = 1), are chosen for the basic depen-
dent variables F, p, and T. The relative entropy level is made
dimensionless with specific heat cv. A reference length is also
introduced.

(£, 17) Computational Domain of Integration
Having expressed the governing equations using </> and \j/

as independent variables, the obvious integration domain
in the (</>, \l/) plane appears to be the rectangular one, with
</> = const lines corresponding to the inlet and outlet sections
of the channel and \l/ = const lines corresponding to its lower
and upper solid boundaries. In rotational flows, potential,
4> = const lines and streamlines, ^ = const, lines are non-
orthogonal, indicating that the inlet and outlet sections, calcu-
lated as potential lines, would not be normal to the flow
direction.

In general it is desirable that the computed channel has inlet
and outlet sections normal to the streamlines. To achieve this,

one has to integrate the governing equations in an irregular
domain, in the ($, \l/) plane, say a trapezoid, whose parallel
sides are \l/ = const lines and correspond to the channel's solid
walls.

An auxiliary numerical transformation13 is employed that
maps the required irregular (0, ^) integration domain to a
rectangular domain in a computational (£, 77) plane, with
square unit computational cells. The 17 = const lines corre-
spond to the uniformly distributed \^ = const lines, stream-
lines, i.e., i/^ = 0. The £ = const family lines, whose limiting
values correspond to the inlet and outlet sections, are defined
in the (</>, \l/) plane according to the relation

*,= -os, (25)
Equation (25) is derived by requiring the dot product V - dL,

dL being the infinitesimal vector tangential to £ = const lines,
to be zero. Namely, one requires £ = const lines to be normal
to the streamlines, 7] = const lines. Thus, the resulting (£, 17)
body-fitted coordinate system is orthogonal.

Equation (25), which actually defines the (£, 77) grid, indi-
cates that this grid depends on the flow solution itself, simply
because a is a prime variable being calculated in the procedure
(note that s^ is set up a priori). The (£, rj) grid is continuously
reconstructed (adapted) to the currently available field (ther-
mal drift distribution) within the iterative flowfield calculation
procedure. It is evident, therefore, that the present inverse
method could be categorized as an adaptive grid technique.

Flowfield Calculation
Numerical Method

The transformed governing equations (20), (9), and (22),
which are integrated in the (£, 77) plane, form a set of nonlinear
equations. Some sort of iterative solution procedure is there-
fore required.

The velocity equation, which itself is a nonlinear elliptic
PDE (in subsonic flows only), is linearized by assuming that
the distributions of p and /3 are known. Discretizing partial
derivatives employing central second-order accurate differenc-
ing, a system of algebraic equations with a nine-diagonal
banded nonsymmetric characteristic matrix is obtained. This
is solved using the modified strongly implicit procedure,14

which is an incomplete lower-upper approximate factorization
procedure.

Once the velocity field is determined, the transport equation
for the thermal drift is integrated along streamlines using a
second-order accurate Runge-Kutta scheme. The newly calcu-
lated a. distribution provides a better estimate for 0, via Eq.
(24). This distribution, in conjunction with a better estimate
for p calculated from Eq. (22), is used to update the assumed
p and )8 distributions in the velocity equation.

Iterations continue until velocity convergence is achieved.
Convergence is established within 10~7 tolerance for the rms
value of the velocity equation residual. Computational experi-
ments showed that under-relaxing the velocity solution with a
relaxation factor of the order of 0.4-0.5 was necessary to both
achieve and accelerate convergence.

The procedure just described provides the solution of the
flowfield in a self-contained and independent manner without
requiring any feedback from the geometry. This characteristic
renders the present method a fast one.

It should be added that the central differencing practice for
the velocity equation limits the present method to subsonic
flows only, where the character of the equation is elliptic.
When, however, a considerable part of the flowfield is super-
sonic, this practice leads to erroneous results (if, of course,
convergence is achieved). In such a case upwind differencing
and/or artificial viscosity are required.

Boundary Conditions
The velocity equation (20), being a second-order elliptic

PDE requires boundary conditions all around the integration
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domain. The velocity magnitude is specified (Dirichlet-type
condition) on the solid walls—target velocity distribution—as
V= V(<t>) and in the inlet and outlet sections as V - V(\l/).
Taking into account the one-to-one correspondence of the
(<£, \//) to (£, 77) transformation, boundary velocity distribu-
tions could be considered as V - F(£) and V - V(rj) in the (£,
17) plane of integration.

The potential <£ is related to the arc length L on the solid
wall via the relation d$= V-dL. It is obvious, therefore, that
y= V((t>) could be considered to represent a V- V(L) distri-
bution. The designer usually specifies the latter rather than the
former.

The thermal drift equation (9) is a first-order transport
equation requiring Dirichlet-type boundary conditions along
the inlet section only. In the present method, a. is specified as
an arbitrary constant along the inlet section. As is indicated by
Eq. (24), a. controls the size of tan /3. It is a measure, there-
fore, of the local skewness of the (</>, \l/) coordinate system
employed, implicitly defining the position of potential lines
with respect to streamlines. The arbitrary character of the
boundary condition was also verified computationally, where
results for different values of a were identical. Generally
speaking, less skewed (</>, \l/) systems provide a better descrip-
tion of the flow. Referring to Eq. (24), it is clear that the
degree of skewness is proportional to the size of a. It is
desirable, therefore, to keep the size of a as low as possible. In
view of the fact that a increases monotonically along the
streamlines, negative values for a are specified in the inlet
section.

Geometry Determination
The geometry of the channel is determined by integrating

Frenet equations of r/ = const and/or £ = const lines in the
physical (x, y) plane. In the case of two-dimensional lines, the
integration of Frenet equations, say of r? = const lines shown in
Fig. 1, is simplified, providing the following relations for their
Cartesian coordinates:

*!=•>

y\=y\o+

(26)

(27)

where 0i is the angle between 77 = const line, and the x axis is
given by

(28)

5.0

0.00 1.00

Relations analogous to Eqs. (26-28) hold for the £ = const
lines.

In relation (28), KI is the signed curvature of rj = const lines.
For the orthogonal (£, rf) coordinate system, KI is

(29)

where the Christoffel symbol and the metrics with capital
letters refer to the (£, 77) coordinate system. The latter are
related to those of the (</>, i/O system, given by relations (15),
through the following generalized tensor transformation11:

dx« dxl

——— —— (30)

with m, n, I, q = 1, 2. Coordinates x1 and x2 are associated
with </> and i/s and x1 and x2 with £ and rj, respectively.

The drawback of the numerical integrations, Eqs. (26-28),
is that the error is accumulating as the integration proceeds.
Stanitz12 argues that inaccuracies associated with this error
accumulation are minimized if one determines the central
streamline of the channel, rj = const line, first and then, start-
ing from it, determines the upper and lower walls by integrat-
ing along £ = const lines. This practice has been adopted in this
work. Constants of integrations in Eqs. (26-28) for the central
streamline have been arbitrarily set to zero.

Computational Results and Discussion
The inverse design method proposed here has been applied

to determine the geometry of a symmetric convergent-diver-
gent nozzle and that of an elbow channel, with irrotational
and rotational flow. To establish the reliability of the design
method, inverse calculation results are compared with those of
direct "reproduction" calculations. The term "reproduction"
is used in the sense that the flowfield solution of a direct
method applied to the geometry (and using the grid produced
by the inverse method) should ideally be the same as, indeed
should reproduce, the flow solution of the inverse method.

Fig. 3 Mach contours of inverse (——) and direct (——) methods for
irrotational nozzle case (Mmin = 0.15, AM = 0.05).

Fig. 2 Target and direct calculation wall velocity distribution for
rotational nozzle case.

Fig. 4 Potential lines of inverse (——) and direct (——) methods for
rotational nozzle case Omin = 0, A0 = 4).
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Fig. 5 Mach contours of inverse (——) and direct (——) methods for
rotational nozzle case (A/mm = 0.15, AM = 0.05).

Fig. 6 Grid and vorticity contours for rotational nozzle case
(flmin=-0.08, Aft = 0.02).

Fig. 7 Grid and vorticity contours for rotational nozzle case with
uniform outlet velocity (fimin= -0.08, Afl = 0.02).

The direct method used for the comparisons employs the
Clebsch formulation discussed in the previous sections and
carries out the calculation in terms of </>, a, and s.

In all of the rotational test cases, the entropy distribution is
set a priori not in an entirely arbitrary manner. Entropy level
of different streamlines at the inlet section is computed ac-
cording to the relation

(31)

This relation is derived by assuming that the vorticity that
corresponds to the velocity gradient at the inlet is compatible
with the one that corresponds to the entropy gradient. In
addition, it is necessary to assume that the inlet section is
straight and that the flow is evolving very slowly in the vicinity
of the inlet, i.e., that streamlines there are almost parallel. A
posteriori observations of the rotational cases results satisfy
these conditions to a great extent. Actually, it can be shown
that specifying both the velocity and entropy gradients along
the inlet section is equivalent to specifying the streamwise
gradient of the velocity. The solution (geometry), therefore,
near the inlet adjusts itself, so that the streamwise velocity
gradient is the same as the implicitly imposed one.

Results for the symmetric convergent-divergent nozzle are
presented in Figs. 2-7. Calculations were carried out with a

51x21 grid with A^= l , A</>Iower waM = 1, and Mref = 0.15. Im-
posed—target—wall velocity distribution for both the irrota-
tional and rotational cases is shown in Fig. 2. The nonconstant
part of this distribution is described by a sinusoidal function
with linearly increasing amplitude. For the irrotational case,
uniform inlet and outlet velocity distributions are specified. In
the rotational case, symmetric parabolic velocity profiles with
peak values 1.4 and 2.5 in the inlet and outlet sections, respec-
tively, are assumed.

Wall velocity distribution for the rotational case calculated
with the direct method is also included in Fig. 2. This distribu-
tion agrees very well with the target distribution. Small dis-
crepancies observed in the divergent part of the nozzle may
very well be due to the fact that the integration of the thermal
drift transport equation (9) in the direct method is carried out
with a first-order accurate scheme. Calculated flowfield distri-
butions of the Mach number, which achieves values as high as
0.72, and the potential function are shown in Figs. 3-5. In-
verse and direct method results, denoted by solid and dashed
lines, respectively, are entirely symmetric. Their agreement is
very good, indicating the reliability of the present method.

Comparing the shapes of the irrotational and rotational
nozzle, one observes that the latter is narrower than the for-
mer. This is expected simply because in the rotational case the
inlet velocity is higher, so that the fixed mass passing through
it, indicated by the difference of the limiting stream function
values, requires a smaller inlet width.

The (£, 77) grid generated by the inverse method for the
rotational case is shown in Fig. 6. This is indeed orthogonal in
accordance with Eq. (25). Figure 7 presents the inverse solu-
tion for the rotational case with uniform outlet velocity distri-
bution. Changes are noticeable in the divergent part of the

1.25

1.00 -

=0.75 -

0.50

0.25
0.00 1.00

Fig. 8 Target and direct calculation wall velocity distributions for
rotational elbow channel case.

Fig. 9 Mach contours of inverse (——) and direct (——) methods for
irrotational elbow channel case (Mmjn = 0.4, AM = 0.025).
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Fig. 10 Stanitz12 results for irrotational elbow channel case (exit
Mach no. = 0.7993).

Fig. 11 Potential lines of inverse (——) and direct (——) methods
for rotational elbow channel case (</>min = 0, A</> = 4).

nozzle only, mainly resulting in an opening of the angle of the
nozzle. Dashed lines in Figs. 6 and 7 are calculated vorticity
contours. These are almost identical to streamlines, a fact that
is nearly true for two-dimensional compressible flows.

For the elbow channel case, calculations were performed
with a 65 x 17 grid with A^ = 0.5, A<£lower waii = 1. Target wall
velocity distributions on the upper and lower channel walls for
both the irrotational and rotational cases are shown in Fig. 8.
Their characteristic is that the flow on both walls of the
channel never decelerates.

In the irrotational case, uniform velocity distributions are
imposed at the inlet and outlet sections, the Mach number at
the outlet being Mref = 0.7993. This test case corresponds to
the well-documented elbow case of Stanitz.12 The Mach num-
ber contours calculated with the inverse and direct methods,
presented in Fig. 9, are almost identical. The geometry of the
channel agrees very well with that calculated by Stanitz,12 as
shown in Fig. 10.

In the rotational elbow case, symmetric parabolic velocity
profiles with peak values of 0.58 and 1.1 are imposed with
Mref = 0.6. Wall velocity distributions calculated with the di-
rect method are compared with the target ones in Fig. 8. They
exhibit very satisfactory agreement. Results for the potential
function, the Mach number, and the thermal drift function are
presented in Figs. 11-13, respectively. Inverse method results

Fig. 12 Mach contours of inverse (——) and direct (——) methods
for rotational elbow channel case (Mmin = 0.3, AM = 0.025).

Fig. 13 Thermal drift function contours of inverse (——) and direct
(——) methods for rotational elbow channel case (amin = - 80,

agree quite well with those of the direct method (compare solid
and dashed line contours, respectively). Small discrepancies
observed near the outlet of the channel are possibly due to
inaccuracies involved with the integration of the thermal drift
equation in the direct method.

Conclusions
The development of an inverse method applicable to the

design of internal configurations with rotational compressible
flow has been described. The method assumes that the flow is
inviscid, adiabatic, and subsonic with constant total enthalpy.
It is also assumed that the entropy level of different stream-
lines is different, imposing the rotational character.

The method developed is based on the potential function/
stream function formulation. The Clebsch formulation has
been adopted to decompose the velocity vector into a potential
and a rotational part, which is related to the entropy gradient
via a thermal drift function, governed by a transport equation.

A novel procedure is proposed for deriving the velocity
equation, employing differential geometry principles only.
Considering </> and \l/ as the independent variables, the metrics
of the two-dimensional Euclidean space are expressed in terms
of flow quantities. The requirement that the Euclidean space is
flat and has zero curvature provides an elliptic equation for
the velocity magnitude.

The set of the velocity and the thermal drift equations, in
conjunction with a density equation, are solved for the flow-
field on an auxiliary orthogonal computational grid automati-
cally produced by the solution itself. The method is fast be-
cause it does not rely on any feedback from the geometry. The
latter is determined independently by straightforward integra-
tion of Frenet equations along the grid lines.
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Calculated results are presented for a symmetric conver-
gent-divergent nozzle and an elbow channel. Both sets of
results exhibit remarkable agreement with the results of a
direct solution technique when applied to the geometry that
had been determined by the inverse method (actually they were
reproduced). These favorable comparisons indicate the reli-
ability of the inverse method proposed.

Appendix
The purpose of the Appendix is to derive the velocity equa-

tion (20) using the basic flow equations.
Eliminating the temperature from Eq. (6), using Eq. (9), we

get

(FX (Al)

Taking into account the energy equation (3) and noting that
V - K(cos 0i + sin0/), where 0 is the angle between V and the
x axis, Eq. (Al) is written in the (<£, \l/) coordinate system as

1
tan j ]*- (A2)

Introducing Eq. (24) into Eq. (A2) and rearranging, we get

1
tan j8 -»(-4) -\p tan 0/0

(A3)

The continuity equation (1) expressed in the (</>, $) coordi-
nate system is

p tan
(A4)

Equation (A3) is used to eliminate 0^ from Eq. (A4), result-
ing in

p sm2/3 tan

tan j tan = -^ (A5)

The velocity equation (20) is obtained by differentiating
Eqs. (A3) and (A5) with respect to ^ and 0, respectively, and
eliminating 0^. In fact, the elimination of 0<^ requires that
QW = 0^,- It can be shown that this is equivalent to the require-
ment that the Run curvature (or the Gaussian curvature) is
zero, which is used in the present work.
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